Introduction
The Lentz-Ising model of ferromagnetism has been thoroughly studied since its conception in the 1920's [Len20] . It was solved in the 1-dimensional case by Ising himself in 1925 [Isi25] and in the 2-dimensional case without an external field by Onsager in 1944 [Ons44] . For an introduction to the model, see Cipra [Cip87] .
The partition function on a graph G on n vertices and m edges is defined as
(1) Z(G; x, y) = i,j
a ij x i y j .
Here a ij counts the number of induced subgraphs of G with (n − j)/2 vertices and (m − i)/2 edges in the boundary. We refer to the index i as the energy and the index j as the magnetization. The traditional partition function studied in statistical physics is then obtained by evaluating it at a certain point (2) Z G; e K , e H where K = −J/k B T , H = −h/k B T and J and h are parameters describing the interaction through edges and with an external magnetic field respectively, T is the temperature and k B the Boltzmann constant.
The main goal in the study of the Ising model on a graph G, or some family of graphs, is usually to study the model in the vicinity of a critical temperature, denoted T c , where the model undergoes a phase transition and there determine the behaviour of various critical properties.
Definitions and notation
Let G = (V, E) be a graph with vertex set V with |V | = n vertices and edge set E with |E| = m edges. Let a state σ be a function from the vertices V to the set {±1} and let Ω be the set of all states. We can then define the energy of the graph G = (V, E) in state σ to be
the magnetization to be
and formulate a generating function that counts them all as
where the last equality defines the coefficients a ij = a ij (G). We often drop G when we can deduce the graph from the context. We will also need these definitions later:
Definition 1 (T-join). A T-join (T, A) in a graph G = (V, E) is a subset T ⊆ V of vertices and a subset A ⊆ E of edges such that each vertex in T is incident with an odd number of edges in A and each vertex in V \ T is incident with an even number of edges from A.
Observe that the cardinality of T has to be even since we can not have a subgraph with an odd number of vertices of odd degree.
Definition 2 (Cut). A cut [S,S] in a graph G = (V, E) is a subset of edges, induced by a partition S ∪S = V , that have one endpoint in S and the other inS. Let |[S,S]| be the number of edges in the cut.
Definition 3 (Locally vertex transitive). We say that a sequence of graphs
are locally vertex transitive if for each R there exists an N such that all balls of radius R, in the graph metric, around each vertex in each graph in the subsequence
Series expansion
We can try to make our problem simpler by setting y = 1 and get
where once again the last equality is the definition of the a i coefficients. What do these coefficients count? Since the state σ partitions the vertex set V in two parts and the E(G, σ) counts edges with one vertex in one part and the other vertex in the other part as negative and the other edges as positive we get that a i is twice the number of cuts of size
(we count each cut twice since we can interchange the partitions). This has a natural reformulation using even subgraphs, namely:
Theorem 4 (van der Waarden). Let a i be the number of cuts of size m−i 2 and let b i be the number of even subgraphs with i edges, then:
Proof. The first sum in (7) is the moment generating function for the sequence a i . The k th moment of a i can be written as
We now expand the multinomial uv∈E σ(u)σ(v) k where each term can be seen as an choice of k out of m edges (not necessarily distinct). Now observe that if we have chosen an even number of edges incident with a vertex, v say, we will have an even number of σ(v)'s in the product so they contribute +1. If we have chosen an odd number of vertices we can find a smallest (in some arbitrarily order) such odd vertex v and we see that if we change the state σ to the state σ with σ(v) = −σ (v) and all other values equal, we will get a bijection between states witch contribute +1 and −1 and with at least one vertex of odd degree. Our conclusion is that we only count the choices where we have an even degree at each vertex. We will however count subgraphs where we have the opportunity to choose each edge a multiple number of times. If we reduce the multiple edges modulo 2 we get a simple subgraph of even degree. The "surviving" edges are the ones that where chosen an odd number of times so an even number of those "odd" edges have to be incident at each vertex.
If we now change our view and instead of adding up the k moments, change the order of summation, and add up along the index of the number of "surviving" odd edges i we get a simple connection between the simple subgraphs and subgraphs with multiple edges. We can construct an even multiedge subgraph by first select a simple subgraph with even degree at each vertex and then multiply each edge an odd number of times and then select a number of edges not in the even subgraph to multiply an even number of times. So if we first choose an even subgraph with i edges and multiply each edge an odd number of times we get the generating function b i sinh i K, and then choose a number of edges outside the even subgraph and multiply these an even number of times, we get the generating function cosh m−i K, and we end up with an multiedge subgraph with an even number of edges incident to each vertex. If we now sum over all i we get
and we see each of these graphs twice and therefor this gives (7).
To formulate the full two variable connection we need T-joins instead of even degree subgraphs and also consider the size of the sets in the vertex partition induced by the state. Also note that in this theorem we have slightly changed the meaning of a ij and b ij to make the proof using standard graph theoretic notation. The following theorem can be found in e.g. [Big77] : 
Proof. Fix a subset T ⊆ V of vertices and a subset A ⊆ E of edges from the graph G = G(V, E). Let S ⊆ V be another subset of vertices and [S,S] be the cut defined by the edges from S toS = V \ S. Let the weight of the vertices in T ∩ S be −y, the weight of the vertices in T ∩S be y, the weight of the edges from A that lies in the cut [S,S] be −x and the rest of the edges from A have weight x. Let the total weight of (T, A) with respect to the cut [S,S] be the product of the weights of the edges and vertices in (T, A). We say that the weight is positive if the coefficient in front of x |A| y |T | is positive and negative otherwise. By magnitude we denote the weight without the sign.
(T, A) can fail to be a T-join in basically three ways. First the cardinality of T can be odd, secondly there can exist a smallest vertex (in an arbitrary order of the vertices) v that is incident with an odd number of edges from A and does not belong to T , and finally there can exist a smallest vertex v that is incident with an even number of edges from A and belongs to T .
In the first case we have two cuts [S,S] and [S, S] in which the magnitude of the weight will be the same but with opposite sign.
In the two latter cases we have a bijection between cuts with v ∈ S and v / ∈ S (we simply move the vertex v between S andS) that once again give the same magnitude and different signs of the weight. If we sum over all cuts the total contribution of such a choice of (T, A) will cancel.
If (T, A) indeed is a T-join the weight will always be positive since we either have an even number of vertices in T ∩ S and an even number of edges crossing the cut or an odd number of vertices in T ∩ S and an odd number of vertices crossing the cut. All in all we end up with an even number of minus signs and thus a positive weight.
If we now sum over all choices (T, A) and S we will count each T-join 2 |V | times. If we rearrange our summation (i.e. we first choose a cut and then go through all choices of T and A) we get the theorem.
To
where b i denotes the number of T-joins with i edges. Now, since a i counts the number of cuts with i edges in Theorem 5, 2a i e (m−2i)K corresponds to the a i e iK in Theorem 4 via reindexing and the fact that each cut is counted twice in Theorem 4.
Since we have a symmetry between T-joins and cuts we have the following corollary:
Corollary 6. With the same notation as in theorem 5 we have
Proof. If we choose a T-join instead of a cut the weight of (T, A) will always be positive if and only if (T, A) is a cut. In other cases the contributions once again cancel out.
3.1. The thermodynamic limit. In Physics we are interested in the so called thermodynamic limit of a sequence of graphs
. This is defined as
when it exists. An example of such a family is {C n × C n } ∞ n=3 . If the graph family is locally vertex transitive its easy to see that the number of connected T-joins of fixed size will grow proportionally to |V (G)|. From that follows that the total number of T-joins of a fixed size will grow as a polynomial with degree equal to the maximal number of connected components in the T-joins of that size and thus will the thermodynamic limit exist.
If we change notation so that our index set instead is the number of vertices n in our graph sequence and use b j (n) to denote the number of T-joins with j edges we see that the thermodynamic limit is (12) lim
which defines a new set of b j :s that happens to be rational numbers and d = m/n, the average degree.
3.2. Taylor series. It can be of interest to plot these functions, or at least some approximation of them. Since we have a phase transition in all interesting cases its hard to find one function that works for the entire interval. In this section we will instead develop two Taylor approximations, one for the high-temperature case and one for the low-temperature case. The first one is simple, take
and Taylor expand around K = 0. If you want the function K(u) you can invert u(K) as a Taylor series. Its often better to plot a Padé-approximation of u(K).
The second one needs a little more work:
By not doing the last substitution x = tanh K its easy to invert this function and plot it in the low temperature (high energy) portion of the scale.
Two other series expansions
From the basic thermodynamic limit one can construct two other sequences that are of a more combinatorial flavour. These are sequences with integer coefficients. This is because they, instead of weighting the counts, make an explicit order in which you have to choose things and thus avoid dividing with large factorials. The correspondence with the thermodynamic limit series are:
The coefficients are connected trough these simple triangular linear equations:
4.1. What they are counting. The new series can be seen as placing connected subgraphs at each vertex in some order. First we place all subgraphs (including the empty one) rooted at vertex one, then the subgraphs rooted at vertex two and so on in such a way that we never form a new connected component. In this way we avoid symmetries and we get a integer sequence. We can still calculate, in principle, the different β i and β i for locally vertex transitive graphs.
Plots
We shall now compare these Taylor expansions of the series with some sampled data to compare how well behaved the series are around the critical energy. As we shall see, the series are rather far from what can be expected to be the truth. 5.1. Simple cubic lattice. We start of with the simple cubic lattice in three, four and five dimensions. As can be expected, the longest series expansion is for the three-dimensional simple cubic lattice. The four-and five-dimensional simple cubic lattices have much shorter high-and low-temperature expansions. Figure  1 to 3 shows K(u) curves for the three lattices respectively. The pictures are of diagonal Padé-approximants of the Taylor expansions. The Padé-approximant for the function of the three-dimensional simple cubic lattice is fairly accurate to about K ≈ .22. For the four-and five-dimensional lattices the accuracy is a lot lower as can be seen from the pictures.
Guessing the radius of convergence
The interesting part is of course to try to find the radius of convergence for the series of the function u(K) since that would give the critical temperature K c . A fairly good guess for K c for the simple cubic lattice is that it is approximately 0. converge. In Table 1 the row labelled min is the minimum over all known values of β i for the simple cubic lattice. In trying to extrapolate this value we have used a polynomial of degree 3 and a min square approximation to the data set (1/i, 1/ β i
1/i
) and looked at the constant term in the resulting polynomial. This gives the result in the row labelled f (0). Since the coefficients is some form of combinatorial quantity Table 1 . Different ways to try to guess the radius of convergence for the simple cubic lattice.
it is not unthinkable that they grow exponentially. We have thus also tried to fit the data (i, β i ) to the functions α i i β γ and α i γ and calculated 1/α that gives us the guessed radius of convergence. This is the last two lines of Table 1 . The second column is the same thing for the coefficients of b i . When we come to the low temperature part we get into some trouble since the coefficients of the sequences a i and α i have both positive and negative signs. If we try to use the same analysis as for the (all positive) b i and β i , we get very erratic numbers, so instead we split the sequences in a positive and a negative part and do the analysis separately. As observed by others, the low temperature series seems to have a complex root that is closer to the origin than the physically important real root. Fortunately does the extrapolation with α i i β γ for the b i and β i series give a decent idea of what the critical temperature may be. 
